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Abstract
Model independent radiative correction to the recoil proton polarization for the elastic
electron–proton scattering is calculated within method of electron structure functions.
The explicit expressions for the recoil proton polarization are represented as a contraction
of the electron structure and the hard part of the polarization dependent contribution
into cross–section. The calculation of the hard part with first order radiative correction
is performed. The obtained representation includes the leading radiative corrections in
all orders of perturbation theory and the main part of the second order next–to–leading
ones. Numerical calculations illustrate our analytical results.
1 Introduction
It was proposed over 25 years ago [1] that recoil proton polarization in the elastic process
~e + p → e + ~P , can be used to measure the proton electric form factor (GEP ). This method
provides an alternative to the Rosenbluth separation and appears to be more sensitive to GEP
in the GeV–range of 4–momentum transfers (Q2). Such measurements were done first at MIT-
Bates [2] and later on extended to higher Q2 = 3.5 GeV2 at Jefferson Lab [3]. The latter
experiment provided the first evidence of significant deviation of GEP from the dipole form at
higher Q2.
In the recent Jefferson Lab experiment [3] the events corresponding to elastic process
~e−(k1) + P (p1)→ e−(k2) + ~P (p2) (1)
as well as radiative process
~e−(k1) + P (p1)→ e−(k2) + γ(k) + ~P (p2) (2)
have been analyzed.
∗On leave of absence from Kharkov Institute of Physics and Technology 63108, Kharkov, Ukraine
†On leave of absence from National Center of Particle and High Energy Physics, 220040 Minsk, Belarus
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The main goal of these experiments is the measurement of the proton electric formfactor
GE . It can be done because the ratio of the longitudinal polarization of recoil proton to the
transverse one in Born approximation is proportional to the ratio GM/GE [1] where GM is the
well known proton magnetic formfactor. This statement is valid if 3–vector of the longitudinal
polarization has orientation along the recoil proton 3–momentum, and 3–vector of the transverse
polarization is within the plane (~k1, ~p2). The interpretation of these high-precision experiments
in terms of the proton electromagnetic formfactors GM and GE requires adequate theoretical
calculations with a per cent accuracy or better. Such calculations must include the first order
radiative corrections (RC) to the elastic cross–section ( due to radiation of real soft and virtual
photon) and full analysis of the radiative events. Moreover, leading higher order corrections
have to be taken into account.
All the corresponding contributions can be joint within the framework of the electron struc-
ture function representation, which is a QED analog of the well known Drell–Yan representa-
tion [4]. This representation was applied before for the calculation of the RC to unpolarized
electron–positron annihilation [5] and deep inelastic scattering [6] cross–sections.
In the present work we generalize the electron structure function representation for the case
of scattering of polarized particles, namely for the analysis of the recoil proton polarization in
elastic ep-scattering.
2 The leading approximation
The cross–section of the quasireal electron–proton scattering in the framework of the electron
structure function method can be written as a contraction of two electron structure functions,
that corresponds to the possibility to radiate hard collinear as well as virtual and soft photons
and electron–positron pairs by both the initial and the scattered electron, and hard part of
the cross–section that depends on shifted 4–momenta. This representation follows from the
quasireal electron method [7] that is suitable for description of the collinear radiation.
In the problem considered here we will be interested in the spin dependent part of the
cross–section only. For this case the corresponding representation can be written as
dσ‖,⊥(k1, k2)
dQ2d y
=
1∫
z1m
d z1
1∫
z2m
d z2D
(p)(z1, L)
1
z22
D(u)(z2, L)
dσ‖,⊥(hard)(kˆ1, kˆ2)
d Qˆ2 d yˆ
, L = ln
Q2
m2
, (3)
where m is the electron mass,
kˆ1 = z1k1 , kˆ2 =
k2
z2
, Q2 = −(k1 − k2)2 , Qˆ2 = −(kˆ1 − kˆ2)2 = z1
z2
Q2 , (4)
y =
2p1(k1 − k2)
V
, yˆ = 1− 1− y
z1z2
, V = 2p1k1 .
The electron structure functionD(p)(z1, L) is responsible for radiation by the initial polarized
electron, whereas the function D(u)(z2, L) describes radiation by the scattered unpolarized
electron. The photonic contribution into the electron structure function is the same for polarized
and unpolarized cases, but the contribution due to pair production differs in the singlet channel
[8]. Therefore we can write
D(u)(z, L) = Dγ(z, L) +D
e+e−
N +D
e+e− (u)
S , (5)
2
D(p)(z, L) = Dγ(z, L) +D
e+e−
N +D
e+e− (p)
S . (6)
There exists many different representations for the photonic contribution into the structure
function [9], but here we will use the form given in [5] for Dγ, D
e+e−
N and D
e+e− (u)
S
Dγ(z, Q2) =
1
2
β(1− z)β/2−1
[
1 +
3
8
β − β
2
48
(
1
3
L+ π2 − 47
8
)
]
− β
4
(1 + z)+ (7)
β2
32
[
− 4(1 + z) ln(1− z)− 1 + 3z
2
1− z ln z − 5− z
]
, β =
2α
π
(L− 1) .
D
e+e−
N (z, Q
2) =
α2
π2
[ 1
12(1− z)(1−z−
2m
ε
)β/2(L1− 5
3
)2(1+z2+
β
6
(L1− 5
3
))
]
θ(1−z− 2m
ε
) , (8)
D
e+e−(u)
S =
α2
4π2
L2[
2(1− z3)
3z
+
1
2
(1− z) + (1 + z) ln z]θ(1− z − 2m
ε
) , (9)
D
e+e−(p)
S =
α2
4π2
L2(
5(1− z)
2
+ (1 + z) ln z)θ(1− z − 2m
ε
) , (10)
where ε is the energy of the parent electron and L1 = L + 2 ln(1 − z). The above form of
the structure function D
e+e−
N includes effects due to real pair production only. The correction
caused by virtual pair is included in D
γ
. Note that the terms containing α2L3 cancel each other
in the sum D
γ
+D
e+e−
N .
Instead of the photonic structure function given by Eq. (7), one can use the its iterative
form [10]
Dγ(z, L) = δ(1− z) +
∞∑
k=1
1
k!
(
αL
2π
)k
P1(z)
⊗k , (11)
P1(z)⊗ · · · ⊗ P1(z)︸ ︷︷ ︸
k
= P1(z)
⊗k , P1(z)⊗ P1(z) =
1∫
z
P1(t)P1
(
z
t
)
dt
t
,
P1(z) =
1 + z2
1− z θ(1− z −∆) + δ(1− z)(2 ln∆ +
3
2
) , ∆≪ 1 .
The iterative form (11) of D
γ
does not include any effects caused by pair production. The
corresponding nonsinglet part of the structure due to real and virtual pair production can be
inserted into iterative form of Dγ(z, L) by replacing αL/2π on the right side of Eq. (11) by the
effective electromagnetic coupling
αeff
2π
= −3
2
ln (1− αL
3π
), (12)
which is the integral of the running electromagnetic constant.
The limits of integration with respect to z1 and z2 in the master formula (3) can be found
from the constraint on the Bjorken variable xˆ for the partonic process
xˆ =
−(kˆ1 − kˆ2)2
2p1(kˆ1 − kˆ2)
=
z1yx
z1z2 + y − 1 < 1 , x =
Q2
2p1(k1 − k2) . (13)
By taking into account also that z1,2 < 1 and xy = Q
2/V , we derive from (13)
1 > z2 > z2m , 1 > z1 > z1m , z2m =
1− y
z1
+
Q2
V
, z1m =
V (1− y)
V −Q2 . (14)
3
In the framework of the leading logarithmic approximation we have to take the elastic (Born)
cross–section as the hard part under the integral on the right hand side of Eq. (3)
dσ
‖,⊥(B)
hard
dQ2d y
=
dσ
‖,⊥(B)
dQ2
δ(y − Q
2
V
) . (15)
In the case of the longitudinal polarization of the recoil proton, we have
dσ
‖(B)
hard
dQ2
=
4πα2(−Q2)
V Q2
(1− Q
2
2V
)
√
Q2
4M2 +Q2
G2M(−Q2) . (16)
The quantity α(−Q2) on the right hand side of Eq. (16) is the running electromagnetic constant
that account for the effects of the vacuum polarization
α(q2) =
α
1− α
3pi
ln −q
2
m2
.
For the transverse polarization of the recoil proton, the hard part of the cross–section reads
dσ
⊥(B)
hard
dQ2
= −24πα
2(−Q2)
V Q2
M√
Q2 + 4M2
√
1− Q
2
V
(1 + τ)GE(−Q2)GM(−Q2) , τ = M
2
V
. (17)
Note that in zeroth order of perturbation theory the photonic contribution into electron
structure function gives an ordinary δ–function because (see also the iterative form (11))
lim
β→0
1
2
β(1− z)
1
2β−1 = δ(1− z) . (18)
It is easy to see that the representation (3) reproduces the Born cross–section in this case
dσ
‖,⊥
dQ2d y
=
∫
dz1
∫
dz2
1
z22
δ(1− z1)δ(1− z2)dσ
‖,⊥(B)
dQˆ2
δ(yˆ − Qˆ
2
Vˆ
) =
dσ
‖,⊥(B)
dQ2
δ(y − q
2
V
). (19)
3 Beyond the leading approximation
We can improve the leading approximation for dσ
‖,⊥
/dQ2dy given by formula (3) with
dσ
‖,⊥(B)
/dQ2dy as a hard part of the cross–section under the integral. It can be done by making
more precise the expression namely for this hard part
dσ
‖,⊥
hard
dQ2d y
=
dσ
‖,⊥(B)
dQ2d y
+
dσ
‖,⊥(1)
dQ2d y
. (20)
The additional term on the right hand side of Eq. (20) takes into account RC due to real and
virtual photon emission without its leading part that is absorbed by D–functions. To find
dσ
‖,⊥(1)
/dQ2d y, we must calculate the corresponding cross–sections of the process (1) (with
virtual and soft corrections) and of the process (2), and then subtract from their sum the right
hand side of formula (3) with
dσ
‖,⊥
hard
dQ2d y
=
dσ
‖,⊥(B)
dQ2d y
,
which appears in the same order of the perturbation theory.
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We begin with the calculation of the cross–section of the radiative process (2) (the cor-
responding polarization calculations were performed for the case of deep inelastic scattering
[11])
dσ
γ(p)
dQ2d y
=
2πα2(q2)
V q4
α
4π2
L
γ
µνHµν
d3k
k0
d3p2
p20
δ(p1 + k1 − k2 − p2 − k) , (21)
where q = k1− k2 − k = p2 − p1. In further we will be interested in the polarization dependent
parts of the leptonic Lµν and hadronic Hµν tensors and assume that the degree of initial electron
polarization is equal to 1. In this case we have
Hµν = −iMǫµνλρqλ[−GE(q2)Aρ + 2(GE(q
2)−GM(q2))
4M2 − q2 (Ap1)p1ρ]GM(q
2) , (22)
L
γ
µν = −2iǫµνλρqλ[k1ρRt + k2ρRs] , (23)
Rt =
u+ t
st
− 2m2( 1
s2
+
1
t2
) , Rs =
u+ s
st
− 2m2 st
ut2
, st =
−u(u+ V y)
u+ V
,
where A is the 4–vector of the recoil proton polarization and we use the following notation for
invariants
u = (k1 − k2)2 , s = 2kk2 , t = −2kk1 , q2 = u+ s + t , Q2 = −u .
It is convenient to express the recoil proton polarization 4–vector A in terms of the particle
4–momenta and Lorentz invariants. Below we use the following parameterization for A
‖
and
A
⊥
A‖µ =
2M2qµ − q2p2µ
MQ‖
, Q‖ =
√
−q2(4M2 − q2) , (24)
A⊥µ =
2[2M2k1q + q
2k1p1]p2µ − 2[2M2k1q − q2k1p2]p1µ + q2(q2 − 4M2)k1µ
2Q⊥
, (25)
Q⊥ =
√
q2[q2M2(k1p1 + k1p2)2 + (2M2k1q − q2k1p2)(2M2k1q + q2k1p1)] .
2k1p2 = V + u+ t , 2k1q = u+ t .
It is easy to verify that 4–vector A
‖
in the rest frame of the recoil proton has components
(0, ~n), where 3–vector ~n has orientation of the recoil proton 3–momentum in laboratory system.
One can verify also that A
⊥
A
‖
= 0 and in the rest frame of the recoil proton
A
⊥
= (0, ~n⊥) , ~n
2
⊥ = 1 , ~n~n⊥ = 0 ,
where the 3–vector ~n⊥ is within the plane (~k1, ~p2) in the laboratory system.
For the case of longitudinal polarization, the contraction of leptonic and hadronic tensors
yields
LγµνHµν
q4
= −2m
2
s2
(q2s + 2V )F (q
2
s)−
2m2
t2
(u+ 2V )(1 +
stq
2
t
u2
)F (q2t )+ (26)
{[ 1
tu
[(u2+ q4)(u+2V )−2q2(q2− q2t )(u+V )]+
1
sq2s
[(q4+u2)(q2s +2V )−2q2V (q2− q2s)]}
F (q2)
q2 − u ,
where
q2t = u+ st =
uV (1− y)
u+ V
, q2s = u+ ts =
uV
V (1− y)− u , ts =
u(u+ V y)
V (1− y)− u ,
5
F (q2) = −G2M (q2)
1
q2
√
−q2
4M2 − q2 .
The physical meaning of quantities q2t and q
2
s is as follows: q
2
t and q
2
s are the values of q
2 in
the cases of the initial–state and final–state collinear radiation, respectively. When writing the
formula (26), we took into account the fact that terms containing the electron mass squared
contribute only in collinear kinematics.
To separate the contribution into the right-hand side of Eq. (26) due to collinear radiation
for the pole–like terms, we apply the operations Pˆt and Pˆs,
1
t
f(q2, u, t, s) =
1
t
(1− Pˆt + Pˆt)f(q2, u, t, s) , Pˆtf(q2, u, s, t) = f(q2t , u, st, 0)
for arbitrary nonsingular function at t → 0 and similarly for 1/s terms. Therefore, we can
rewrite the right hand side of Eq. (26) in the form
{
−2m
2
s2
(q2s + 2V )Pˆs −
2m2
t2
(u+ 2V )(1 +
stq
2
t
u
)Pˆt
}
F (q2) +
{(u+ 2V )(u2 + q4t )
ut
Pˆt+ (27)
(q2s + 2V )(u
2 + q4s)
q2ss
Pˆs +
1− Pˆt
ut
[(u+ 2V )(u2 + q4)− 2q2(q2 − q2t )(u+ V )]+
1− Pˆs
q2ss
[(q2s + 2V )(u
2 + q4)− 2q2V (q2 − q2s)]
} F (q2)
q2 − u .
For the case of transverse polarization the contraction of leptonic and hadronic tensors is
more complicated,
1
q4
LγµνHµν ={[q2(u+t+2V )2+(4M2−q2)(u+t)2]Rt+[q2(u+t+2V )(t−q2+2V (1−y))+ (28)
(4M2 − q2)(uq2 − st)]Rs}GE(q
2)GM(q
2)
q4
√√√√ −q2M2
(4M2 − q2)(−q2V (V + u+ t)−M2(u+ t)2) .
The expression in the round brackets on the right hand side of Eq. (28) can be rewritten in the
form suitable for the photon angular integration as follows:
− 2[q2V y + 4M2(q2 + u)]− 2m
2
s2
4V 2q2sKsPˆs −
2m2
t2
4V 2q2t (1 +
stq
2
t
u2
)KtPˆt+ (29)
1
t
[
4V 2q2t (u
2 + q2t )
u(q2t − u)
KtPˆt + (1− Pˆt) q
2
u(q2 − u)[4V
2(u2 + q4)Kq − 2q2(q2 − q2t )(u+ 2V )(u+ V )]]+
1
s
[
4V 2(u2 + q2s)
(q2s − u)
KsPˆs + (1− Pˆs) q
2V
q2s (q
2 − u)[4V (u
2 + q4)Ks − 2V (q2 − q2s)(2V q2 − u2)]] ,
Ks = 1 +
q2s
V
(1 + τ) , Kt = 1 +
u
V
+
u2τ
V q2t
, Kq = 1 +
u
V
+
u2τ
V q2
.
To perform the photon angular integration we choose the system ~k1 + ~p1 − ~k2 = 0. In this
system the energies of particles are
k0 =
a
2
√
R
, k10 =
u+ V
2
√
R
, k20 =
V (1− y)− u
2
√
R
, p10 =
2M2 + V y
2
√
R
, p20 =
R +M2
2
√
R
, (30)
6
a = u+ V y , R = a+M2 .
Taking the OZ axis along the initial proton 3–momentum in the chosen system we also have
ck = cos θk =
2M2 − 2p10p20 − q2
2|~p1||~p2| , c2 = cos θ2 =
2k20p10 − V (1− y)
2|~p1||~k2|
, (31)
c1 = cos θ1 =
2k10p10 − V
2|~p1||~k1|
, |~p1| =
√
V 2y2 − 4uM2
2
√
R
, |~p2| = k0 ,
where θ1(θ2) is the polar angle of the initial (scattered) electron and θk is the photon polar
angle. Besides Eqs. (30) and (31) we will use the relation
d3k
k0
d3p2
p20
δ(k1 + p1 − k2 − k − p2) = a
2R
dϕ d cos θk . (32)
Let us concentrate on the case with longitudinal polarization of the recoil proton. For the
terms containing m2/s2, m2/t2, Pˆt/t and Pˆs/s we can use the following formulae
∫
m2dϕd cos θk
2πs2
=
∫
m2dϕd cos θk
2πt2
=
2R
a2
,
∫
dϕd cos θk
2πs
=
2R
a(V (1− y)− u)(Ls + L) , (33)
∫
dϕd cos θk
2π(−t) =
2R
a(u+ V )
(Lt + L) , Ls = ln
(V (1− y)− u)2
−uR , Lt = ln
(V + u)2
−uR .
Terms which contain (1 − Pˆt) , (1 − Pˆs) operators can be integrated over the azimuthal
angle and keep the integration with respect to q2 using d cos θk = d q
2/2|~p1||~p2| ,
∫ d ϕ
2πs2|~p1||~p2| =
2R
a|q2 − q2s |(V (1− y)− u)
,
∫ d ϕ
2π(−t)2|~p1||~p2| =
2R
a|q2 − q2t |(V + u)
. (34)
The limits of q2–integration in this case can be derived from the restriction on cos θk in the
chosen system; | cos θk| < 1 . This restriction leads to the relation
q2− < q
2 < q2+ , q
2
± =
1
2R
[2uM2 − V y(u+ V y)± (u+ V y)
√
V 2y2 − 4uM2] . (35)
By using Eqs. (33), (34) and (35) we can write the cross–section of the radiative process
(2) in the case of longitudinal polarization of the recoil proton as follows
dσ
‖γ
dQ2d y
=
2α
V
{
−q
2
s + 2V
u+ V y
Pˆs − (u+ 2V )(u
2 + stq
2
t )
u2(u+ V y)
Pˆt− (36)
−[1 + Lt + (L− 1)] (u+ 2V )(u
2 + q4t )
2u(u+ V )(q2t − u)
Pˆt + [1 + Ls + (L− 1)] (q
2
s + 2V )(u
2 + q4s)
2q2s(V (1− y)− u)(q2s − u)
Pˆs+
q2+∫
q2−
[
− d q
2
|q2 − q2t |
(1− Pˆt)(u+ 2V )(u
2 + q4)− 2q2(q2 − q2t )(u+ V )
2u(u+ V )(q2 − u) +
d q2
|q2 − q2s |
(1− Pˆs)(q
2
s + 2V )(u
2 + q4)− 2q2V (q2 − q2s)
2q2s(V (1− y)− u)(q2 − u)
]}
α2(q2)F (q2)θ(y +
u
V
− 2M∆ε
V
) .
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The appearance of the θ–function on the right side of Eq. (36) is connected with the restric-
tion on the photon hardness in the radiative process (2)
k0 =
u+ V y
2
√
M2 + u+ V y
> ∆ε → y > − u
V
+
2M∆ε
V
, (37)
where ∆ε is the the minimal photon energy in the chosen coordinate system.
To be complete, we should also take into account the RC due to virtual and soft (with the
energy smaller than ∆ε) photon emission to the cross–section of the elastic process (1). It can
be written as (see, for example, [6])
dσ
‖(V+S)
dQ2d y
=
4πα2(−Q2)
V
(1− Q
2
2V
)F (−Q2) α
2π
[
2(L− 1)(ln 4M
2(∆ε)2
V (u+ V )
+
3
2
)− (38)
−1− π
2
3
− ln2 u+ V
V
− 2f(u+ V + uτ
u+ V
)
]
δ(y − Q
2
V
) , f(x) =
x∫
0
d x
x
ln(1− x).
Therefore, the sum of the cross–sections of the processes (1) and (2) is defined by the formula
dσ
‖(B)
dQ2d y
+
dσ
‖γ
dQ2d y
+
dσ
‖(S+V )
dQ2d y
. (39)
To include the hard cross–section into the electron structure function representation (3)
in the form (39) and get rid of the double counting, we must remove from the sum (39) the
contribution which arises in the representation (3) in the first order with respect to fine structure
constant α at
dσ
‖
hard
dQ2d y
=
dσ
‖(B)
dQ2d y
.
The procedure for finding this contribution is described in [6]. We can verify that it equals to
2α
V
{
(L− 1)
[
− (u+ 2V )(u
2 + q4t )
2u(u+ V )(q2t − u)
Pˆt +
(q2s + 2V )(u
2 + q4s)
2q2s(V (1− y)− u)(q2s − u)
Pˆs
]
α2(q2)F (q2) (40)
×θ(y + u
V
− 2M∆ε
V
) + 2(L− 1)(ln 4M
2(∆ε)2
V (u+ V )
+
3
2
)(1− Q
2
2V
)α2(−Q2)F (−Q2)δ(y + u
V
)
}
.
Thus, we can write the final result for the dσ
‖
hard/dQ
2d y in the following very compact form
dσ
‖
hard
dQ2d y
=
dσ
‖(B)
dQ2d y
{1 + α
2π
[−1 − π
2
3
− ln2 u+ V
V
− 2f(u+ V + uτ
u+ V
)]}+ (41)
2α
V
{(u+ 2V )(q2t − u)
2u(u+ V )
Pˆt +
(q2s + 2V )(q
2
s − u)
2uV
Pˆs + P
q2+∫
q2−
d q2
q2 − u
[ 1
|q2 − q2s |
(1− Pˆs)
×(q
2
s + 2V )(u
2 + q4)− 2q2V (q2 − q2s)
2q2s(V (1− y)− u)
−
1
|q2 − q2t |
(1− Pˆt)(u+ 2V )(u
2 + q4)− 2q2(u+ V )(q2 − q2t )
2u(V + u)
]}
α2(q2)F (q2)θ(y +
u
V
) ,
8
where P is the symbol of the principal value integration. When writing the last formula, we
used the following relations
P
q2+∫
q2−
d q2[f(q2)− f(q2t )]
|q2 − q2t |(q2 − u)
=
f(q2t )
q2t − u
Lt +
q2+∫
q2−
d q2
|q2 − q2t |
( f(q2)
q2 − u −
f(q2t )
q2t − u
)
, (42)
P
q2+∫
q2−
d q2[f(q2)− f(q2s)]
|q2 − q2s |(q2 − u)
=
f(q2s)
q2s − u
Ls +
q2+∫
q2−
d q2
|q2 − q2s |
( f(q2)
q2 − u −
f(q2s)
q2s − u
)
, (43)
where the symbol P indicates how one shall integrate the unphysical singularity at q2 = u.
These relations allow to see that infrared singularities of separate terms in dσ
‖(1)
/dQ2dy exactly
cancel each other. That is why we omitted from argument of the θ–function on the right side
of Eq. (41) the term −2M∆ε/V. For numerical calculations the symbol P can be understood
as
P
q2+∫
q2−
d q2
q2 − uF (q
2) =
q2+∫
q2−
d q2
q2 − u(F (q
2)− F (u)) + F (u) log q
2
+ − u
q2− − u
The hard part of the cross–section in the case of transverse polarization of the recoil proton
can be derived in full analogy with the above. The main difference is caused by the fact that the
vector of transverse polarization has complicated dependence on the photon azimuthal angle φ
and therefore even φ integration becomes nontrivial. The straightforward calculations give
dσ
⊥
hard
dQ2d y
=
dσ
⊥(B)
dQ2d y
{1 + α
2π
[−1 − π
2
3
− ln2 u+ V
V
− 2f(u+ V + uτ
u+ V
)]}+ (44)
2α
V
{[2(q2t − u)V
u(u+ V )
+
2V (u2 + q4t )
u2(u+ V y)
Lt
]KtPˆt
q2t
+
[2(q2s − u)
u
+
2V (u2 + q4s)
uq2s(u+ V y)
Ls
]KsPˆs
q2s
+
q2+∫
q2−
d q2√
V 2y2 − 4uM2
2pi∫
0
dϕ
2π
[ [−yq2 − 4τ(u+ q2)]
q4
+
1− Pˆt
t
(2V (u2 + q4)
uq2(q2 − u)Kq−
(u+ 2V )(u+ V )(q2 − q2t )
uV (q2 − u)
)
+
1− Pˆs
s
(2V (u2 + q4)
q2sq
2(q2 − u)Ks +
(u2 − 2q2V )(q2 − q2s)
q2sq
2(q2 − u)
)]}
×α2(q2)
√
M2
4M2 − q2 (1 +
u+ t
V
+
(u+ t)2τ
V q2
)−1/2GE(q
2)GM(q
2)θ(y +
u
V
) .
For invariants s and t on the right side of Eq. (44), we can neglect the electron mass and use
here the simplified expressions
s = c2i − si cosϕ, −t = c1i − si cosϕ, (45)
c1i = 2k0k10[1− cos θ1 cos θk], c2i = 2k0k20[1− cos θ2 cos θk],
si = 2k0k10 sin θ1 sin θk = 2k0k20 sin θ2 sin θk
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The integrals over φ can be performed in terms of elliptic functions K and Π
2pi∫
0
dϕ
2π
(1 +
u+ t
V
+
(u+ t)2τ
V q2
)−1/2 = J0 =
2
π
√
X
K(κ) (46)
2pi∫
0
dϕ
2πt
(1 +
u+ t
V
+
(u+ t)2τ
V q2
)−1/2 =
Jt
|q2 − q2t |
=
= − Bt(1 + bt)
√
λy¯
2(V + u)|q2 − q2t |
√
X
(
2
π
√
1− b1tK(κ) + Bt
b1ty¯
1− Λ(ǫ, κ)√
1− κ2/b1t
)
,
2pi∫
0
dϕ
2πs
(1 +
u+ t
V
+
(u+ t)2τ
V q2
)−1/2 =
Js
|q2 − q2s |
=
=
Bs(1 + bs)
√
λy¯
2(V − a)|q2 − q2s |
√
X
(
2
π
√
1− b1sK(κ) + Bs
b1sy¯
1− Λ(ǫ, κ)√
1− κ2/b1s
)
,
where
X = (1 + x+)(1− x−) M
2s2i
−q2V 2 , κ
2 =
2(x+ − x−)
(1 + x+)(1− x−) , y¯ =
−x− + 1
−x− − 1 ,
2M2six± = 2M
2(−q2 + c2i)− V q2(1±
√
1− 4M2/q2)
= 2M2(−u+ c1i)− V q2(1±
√
1− 4M2/q2) (47)
b1s,t =
1 + y¯ − bs,t + bs,ty¯
y¯(1 + bs,t)
, bs,t =
c2,1i
si
, Bs,t = b1s,ty¯ + 1− y¯.
The function Λ(ǫ, κ) (ǫ = arcsin((1 − b1)/(1 − κ2))) is non-singular Heuman’s Lambda
function varying from 0 to 1 (see [12] for details and exact definitions). It is related with
complete elliptic integral Π(b1, κ) of the third kind
2
π
Π(b1, κ) =
1− Λ(ǫ, κ)√
1− b1
√
1− κ2/b1
+
2
π
K(κ) (48)
For ǫ → 0 (or b1 → 1) this function goes to zero. In the last formula singular behavior of
Π(b1, κ) for b1 → 1 is extracted explicitly in the first term. This limit corresponds to collinear
radiation: √
1− b1t = u+ V
(1 + bt)si
√
y¯λ
|q2 − q2t |√
1− b1s = V − a
(1 + bs)si
√
y¯λ
|q2 − q2s | (49)
where λ = y2V 2 − 4M2u. As a result of substituting Egs (46–48) into the formula for hard
cross–section (44) we arrive at the same structure of singularities as in the longitudinal case
(36). In the collinear limit q2 → q2t,s, we have
y¯X(1− κ2/b1t,s)→ Kt,s bt,s, b1t,s, Bt,s → 1, Λ(ǫ, κ)→ 0
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These limiting formulae allows us to use relations (42,43) to write the final expression for hard
cross section in such a form that provides an explicit cancellation of infrared divergence in the
same way as in the case of the longitudinal polarization.
Combining all results together, we obtain the final formula for cross section in the trans-
versely polarized case:
dσ
⊥
hard
dQ2d y
=
dσ
⊥(B)
dQ2d y
{1 + α
2π
[−1 − π
2
3
− ln2 u+ V
V
− 2f(u+ V + uτ
u+ V
)]}+ (50)
2α
V
{2(q2t − u)V
u(u+ V )
KtPˆt
q2t
+
2(q2s − u)
u
KsPˆs
q2s
+ P
q2+∫
q2−
d q2√
λ(q2 − u)
[ [−yq2 − 4τ(u+ q2)]
q4
(q2 − u)J0
+
1− Pˆt
|q2 − q2t |
Jt
(2V (u2 + q4)
uq2
Kq − (u+ 2V )(u+ V )(q
2 − q2t )
uV
)
+
+
1− Pˆs
|q2 − q2s |
Js
(2V (u2 + q4)
q2sq
2
Ks +
(u2 − 2q2V )(q2 − q2s)
q2sq
2
)]}
×α2(q2)
√
M2
4M2 − q2GE(q
2)GM(q
2)θ(y +
u
V
) .
The theoretical formula for the ratio of longitudinal and transverse polarizations of the
recoil proton that was measured in recent experiments [2, 3] is defined by the ratio of the right–
hand side of Eq. (3) for longitudinal polarization (with (41) as the hard cross-section under
integral sign) and for transverse one (with (44) as the hard cross–section). This high precision
formula takes into account model independent RC with all the leading and the main part of
the next–to–leading corrections, and has accuracy at the level of per mile.
4 Numerical analysis
The ratio of proton elastic formfactors Gep/Gmp measured experimentally [2, 3] is related to
the ratio of recoiled proton polarization components. At the Born level (i.e. without RC) the
ratio of polarizations is defined by the ratio of spin dependent cross section given by (16) and
(17):
PT
PL
=
σ0T
σ0L
(51)
The photon spectrum can be defined as a function of missing mass W 2m = yV −Q2 (either y
or photon energy in the chosen frame Eγ) of observed cross section σT,L(W
2
M) defined by master
equation (3). An integral over y gives a radiative correction to recoil polarizations and to their
ratio. Let us define the following quantities
RT,L(W
2
m) =
σT,L(W
2
m)
σ0T,L
, r(W 2m) =
RT (W
2
m)
RL(W 2m)
, rT,L =
∫ dW 2m
V
RT,L(W
2
m), r =
rT
rL
. (52)
In Figure 1 the RT,L as a function of missing mass is presented. For very small values
of missing mass or alternatively for y → Q2/V the cross sections reproduce the δ-function
behavior. In the limit (18) there are three delta-functions (from Du, Dp and from y-dependence
of Born cross section) and only two integration. So we have behavior as in Eq. (18) in this
limit. Only the factorization part is important here, so both longitudinal and transverse R′s are
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Figure 1: Longitudinal and transverse polarization parts of cross sections normalized to born
ones (left plot) and their ratios (right plot) (see Eq.(52) for exact definitions) as a function of
missing mass squared for beam energy 4.26 GeV (V=8GeV2).
practically the same. For larger values of W 2m (or y) nonfactorized part contribution becomes
important. It can be seen from Figure 1b, where ratios of these spectrum are presented.
Figure 2 presents the results integrated over dy = dW 2m/V . This integration has to be
performed up to some specific values of a cut on the missing mass which is defined by experi-
mental conditions. Using the hard cut leads to negative values RC (or rT,L becomes less then
one), because the contribution of loops, which is usually negative, dominates in this case. If
the positive contribution of hard photon radiation is allowed by using less stringent cuts, the
radiative correction to polarized parts of cross section goes up and can exceed several tens of
per cents. The right plot in Figure 2 gives a radiative correction factor to the polarization
ratio or the measured ratio of formfactors. One can see that the radiative correction to it is
rising not only with the increasing value of the cut but also with increasing Q2. Within the
kinematical conditions of JLAB, the radiative correction is at the level of several per cents or
smaller if the hard cut on missing mass (or missing energy) is used.
5 Discussion and Conclusion
In this paper we calculated radiative corrections to observable quantities in elastic electron-
proton scattering where polarization of the final proton is measured. Observable cross section
of this process has to include QED loop effects and contributions of radiation of real photons
and electron-positron pair creation from leptonic line. In this paper the method of structure
functions is applied for this calculation. Within this approach it is possible to calculate the
contributions of leading and next-to-leading order in all order of perturbation theory. Obtained
explicit formulae are free from infrared divergence and can be used for straightforward numerical
analysis. This numerical analysis was done for the kinematical condition of current and future
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Figure 2: Radiative correction to recoil polarization rations rT,L (left plot) and r (right plot)
(52) within the kinematical conditions of JLAB, as a function of Q2 and value of a cut on
missing mass for beam energy 4.26 GeV (V=8GeV2). Solid (dashed) line on the left plot shows
rT (rL).
experiments at JLAB. The concrete values of radiative correction factors were calculated. It
was shown that radiative correction to observable ratio is at the per cent level.
We note that the problem was solved for the case when kinematical variable Q2 is recon-
structed via electron momentum measured. Another way is possible for which this variable
is calculated using the measurement of final proton momentum. This case requires another
treatment, which will be done elsewhere. Also the present calculation does not include effects
due to two-photon coupling to the proton.
The target considered in this paper is proton, however the results can be straightforwardly
generalized to the case when a nuclear target is used instead. In this case the effects of Fermi
motion and finite momentum of spectator nucleon system have to be taken into account.
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